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A representation and interpretation of
the area under a receiver operating char-
acteristic (ROC) curve obtained by the
"rating" method, or by mathematical pre-
dictions based on patient characteristics,
is presented. It is shown that in such a
setting the area represents the probabil ity
that a randomly chosen diseased subject
is (correctly) rated or ranked with greater
suspicion than a randomly chosen non-
diseased subject. Moreover, this probabil-
ity of a correct ranking is the same quan-
tity that is estimated by the already well-
studied nonparametric Wilcoxon statistic.
These two relationships are exploited to
(a) provide rapid closed-form expressions
for the approximate magnitude of the
sampling variabil ity, i.e., standard error
that one uses to accompany the area
under a smoothed ROC curve,  (b)  guide
in determining the size of the sample re-
quired to provide a sufficiently reliable
est imate of  th is  area/  and (c)  determine
how large sample sizes should be to en-
sure that one can statistically detect dif-
ferences in the accuracy of diagnostic
techniques.
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T) ECEIvER operating characterist ic (ROC) curves (1-3) have become
l\ i . , . ."uringly popular over the past few years as the radiologic
community has become concerned with the measurement of the in-
formation content of a variety of imaging svstems (4, 5). In addit ion,
ROC curves are being used to judge the discrimination abi l i ty of
various stat ist ical methods that combine various clues, test results,
etc. for predict ive purposes (e.9., to determine whether a patient wi l l
need hospital izat ion or wi l l  benefi t  from treatment). In most cases,
however, ROC curves have been plotted and evaluated quali tat ively
with relat ively l i t t le attention paid to their stat ist ical characterist ics.
This has occurred for a number of reasons.

First, the most common quantitative index describing an ROC curve
is thc'area under i t ,  and there has not been a ful l  descript ion in the
radiologic literature of an intuitive meaning of this area. Second, most
quanti tat ive measures used to describe an ROC curve are derived
assuming that the varying degrees of normali ty/abnormali ty seen
in the images can be represented by twc'r separate but usually over-
Iapping Gaussian digributions, one for the diseased group and one
for the nondiseased group. This has led a number of investigators to
question the val idity of the ROC approach altogether. Third, i terat ive
numerical methods rather than closed-form expressions are required
to estimate the standard error of these quanti tat ive indices; opera-
t ional ly, these methods are cumbersome and require a special ized
computer program. Fourth, there has been no method shown to date
to indicate the sample size necessarv to ensure a specif ied degree of
stat ist ical precision for a part icular quanti tat ive index.

In this paper, we wil i  elaborate on the meaning of the area under
an ROC curve and, using the links between it and other, better known
statist ical concepts, we wil l  develop analyt ic techniques for el ici t ing
its stat ist ical propert ies.

METHODS

Indices Used to Summarize ROC Curves

A large number of theoretical ly base.d measures has been pro-
posed to reduce an entire ROC curve to a singlc quanti tat ive inclex
of diagnostic accuracy; al l  of these measures have been rooted in the
assumption that the functional form of the ROC curve is the same as
that implie'd bv supposing that the undc'r lyine distr ibutions for
normal and abnormal groups are Caussian (4). When an l lOC curve,
plotted on double probabil i t l ,  paper, is f i t ted by eye to a straight i ine
or when the RC)C points are submitted to an i terat ive maximum
likel ihood c.st imation program, two parameters, one a dif ference of
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TABLE I: Rating of 109 CT Images

Probably Quest ion-
Normal able

(2)  (3)

Probably Def in i te ly
Abnormal Abnormal

(4)  (5)  Total

the Wilcoxon statistic or by the trapc'-
zoidal rule will be virtually identical tcr
any smoothed area.) Second, and more
important. we show how the statistical
properties of the Wilcoxon statistic can
be used to predict the statistical prop-
erties of the area under an ROC
curve.

RESULTS

I. A Three-Way Equivalence

To ampli fy the three-way equiva-
Ience between the area under an ROC
curve, the probabil i ty of a correct
ranking of a (normal, abnormal) pair,
and the Wilcoxon stat ist ic, we present
i t  as two pairwise relat ionships:

A. The area under the ROC curve
measures the probabil i ty, denoted bv
d, that in randomly paired normal and
abnormal images, the perceivecl ab-
normali ty of the twc.r images wil l  al low
them to be correctly identi f ied.

B.  The Wi lcoxon s ta t i s t i c  a lso
measures  th is  p robab i l i t y  F l  th . l t  r . rn -
domlv chosen normal and abnormal
images wil l  be correctly ranked.
We now dea l  w i th  A  and B in  tu rn .

IL  Mathemat ica l  Res ta tement
o f  Re la t ionsh ip  A

We make an  . imp i ic i t  assumpt ion
that the sensory information convevecl
by a radiographic image can be quan-
t i f ied by and ordered on a one-cl imen-
sional scale represented by,r,  with lon'
values of .r  favoring the decision to cal l
the image normal and high values ia-
voring the decision to cal l  i t  abnormal.
The distr ibutions of -t  values for ran-
domly  se lec ted  abnormal  images,  c le -
noted by "r,1 ,  and those for notm;rl  im-
ages, denotc'd by -tr,  wi l l  overlap; t l -re
, t r  d is t r ibu t ion  w i l l  be  centered  to  the
r i g h t  o f  t h c . r ' \  ( ) n e .  I n  a  r . r t i n g  e r . p t ' r i -
ment ,  the  degree o f  susp ic ion ,  r ,  n ' i l l
actual ly be reported on an orclererl
ca tegor ica l  sca le .  TARLI ,  I  p resents  i i -
lus t ra t i ve  da ta  showing hon '  a  s ing le
reader rated the computc'cl  tomogra-
ph ic  (CT)  images ob ta ined in . r  s .u lp lq '
o f  1 0 9  p a t i e n t s  w i t h  n e u r o l o g i c a l
problems. As expectecl,  the' r .1 ancl r '
d i s t r i b u t i o n s  o v e r l a p  ( i . c . .  r o m e  t t , ' r r -
diseased patients had abnormal re.rt l-
ings and some diseased patients hatl
n o r m a l  r e a d i n g s ) .  T h u s ,  i f  t h e  i m . r g t ' -
from a randomly chosen notmal anrl  a
randomlv chosen abnormal case \\ 'orc
paired. there woulcl be' le-ss than a 100' i
probabil i ty that the. sensory informa-

Rat ing

True Definitely
Disease Normal
S ta tus  ( 1 )

Normal
Abnormal

Totais

2
J J

.1 f

6
2

8

6
2

8

J J

3

36

1 1
1 1

22

l l r  =  5 8

t 1 n  =  5 1

1 0 9

means and the other a rat io of vari-

ances, are obtained. From these, a
number of indices can be calculated,
the most popular being an estimate of
the area under the fitted smooth curve
(4). This index, denoted A(z) to sym-
bolize i ts Gaussian underpinnings,
varies from 0.5 (no aPParent accuracy)

to 1.0 (perfect accuracy) as the ROC

curve moves towards the left and top

boundaries of the ROC graph.2 When
one f i ts the two parameters by maxi-
mum l ikel ihood rather than by eYe,
one also obtains their standard errors,
thereby allowing the area derived from
the two parameters to be also accom-
panied by a standard error. This can be
used to construct confidence intervals
and to perform stat ist ical tests of sig-
nif icance.

The Meaning of the Area under
an ROC Curve

A precise meaning of the area
under an ROC curve in terms of the
result of a signal detection exPeriment
employing the two-alternative forced
choice (2AFC) technique has been
known for some t ime. In this system,
Green and Swets (6) showed that the
area under the curve corresponds to the
probabil i ty of correctly identi fying
which of the two stimuli is "noise" and
which is "signal plus noise." In medical
imaging studies, the more economical
rat ing method is general ly used: im-
ages from diseased and nondiseased
subjects are thoroughly mixed, then
presented in this random order to a
reader who is asked to rate each on a
discrete ordinal scale ranging from
definitely normal to definitely abnor-
mal. Very often a five-category scale is

2 An area  can a lso  be  ca lcu la ted  by  thc  t rape-

zoidal rule; the;rrea obtainecl in this u';rv has been

c les ignated  I ' (A) .  As  is  seen in  F igure  1 ,  / ' ( ,4 ) i s

smal le r  than the  area  under  anv  smooth  curve ,

an t - l  i s  someu 'ha t  more  sens i t i ve  to  the  loc . r t ion

ant i  spread o f  the  po in ts  t ie f in ing  the  curve  than

is  the  area  / ( : )  ca lcuLated . rs  the  smooth  ( l . russ i . rn

cstrmil te.

used. Although the points required to
produce the ROC curve are obtained in
a more indirect way, i .e.,  by succes-
sively considering broader and broader
categories of abnormal (e .9.,  category 5
alone, categories 5 plus 4, categories 5
plus 4 plus 3), the important point is
that on a conceptual level, and thus from
a stat ist ical viewpoint, the area under
the curve obtained from a rat ing ex-
periment has the same meaning as it has
when i t  is derived from a 2AFC exper-
iment. As we wil l  explain below, the
ROC area obtained from a rat ing ex-
periment can be viewed, at least con-
ceptual ly, in the same way as the area
obtained from a 2AFC experiment.
Basical ly, when an investigator calcu-
lates the area under the ROC curve di-
rect ly from a rat ing experiment, he is
in fact, or at least in mathematical fact,
reconstructing random pairs of images,
one from a diseased subject and one
from a normal subject, and using the
reader's separate rat ings of these two
images to simulate what the reader
would have decided i f  these two im-
ages had in fact been presented together
as a pair in a 2AFC experiment. Indeed,
this mathematical equivalence (equiv-
alent in the sense that the two areas are
measuring the same quantity, even if the
two curves are constructed differently)
has also been veri f ied empir ical ly in a
recognit ion memory experiment by
Green and Moses (7).

More important, however, was the
more recent recognit ion by Bamber (8)
that this "probabil i ty of correctly
ranking a (normal, abnormal) pair" is
intimately connected with the quantity
calculated in the Wilcoxon or Mann-
Whitney stat ist ical test. We now elab-
orate on this relat ionship in two ways.
First,  we show empir ical ly that i f  one
performs a Wilcoxon test on the ratings
given to the images from the normal
and diseased subjects, one obtains the
same quanti ty as that obtained by cal-
culat ing the area under the corre-
sponding ROC curve using the trape-
zoidal rule. (I f  in fact the rat ings are on
a continuous scale, the area obtained by
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esis that variable r cannot be used to
discriminate between A and N (i.e., that
d equals 0.5), i ts behavior when d ex-
ceeds 0.5 ( i .e.,  when r is actual ly of
discriminatory value) is also well  es-
tabl ished. In that regard, for our pur-
poses, the most important characteristic
i s  i t s  s t a n d a r d  e r r o r ,  s i n c e  o u r  m a i n
interest is in quantifying how variabie
W (or i ts new al ias, the area under the
ROC curve) wil l  be in dif ferent simi-
Iar-sized samples. When d ) 0.5, W is
no longer nonparametric; i ts standard
error, SE(W), depends on two distr i-
bution-specif ic quanti t ies, Q1 and Q2,
which have the fol lowing interpreta-
t ion :

Qt = Prob (two randomly chosen
abnormal images wil l  both be ranked
with greater suspicion than a randomly
chosen normal image)

Qz = Prob (one randomly chosen
abnormal image wil l  be ranked with
greater suspicion than two randomly
chosen normal images)
If we assume for the moment (as Green
and Swets do in their proof regarding
fl  and the area under the ROC curve)
that the rat ings are on a scale that is
suff iciently continuous that i t  does not
produce "t ies," then SE(W), or equiv-
alently SE(area underneath empir ical
ROC curve), can be shown (8) to be

( 1 )

The quantity W can be thought of as an
estimate of d, the "true" area under the
curve, l .e.,  the area one would obtain
with an inf inite sample and a contin-
uous rating scale. In the rating category
situation, of course, W wil l  tend to
underestimate d, but Formula 1 wil l  be
useful nevertheless.

We now go on in the fol lowing sec-
t ion to calculate the Wilcoxon stat ist ic
for the data in TanrE I and to show that
i t  does indeed correspond to an area
under the ROC curve, albeit  the area
found by the trapezoidal rule. We also
carry out the computations required to
estimate direct ly from the data ( i .c.,
without any distr ibutional assump-
t ions) the two quanti t ies Q1 and Q2.
With these, and using W as an estimate
of 0, we then use Formula 1 to estimate
a standard error for what is in this case
a somewhat biased area under the
curve. As wil l  become evident in sub-
sequent sections, there is a second
method, requiring fewer computations,
for est imating Qr and Q2 for use in

Formula 1. We give both methods for
the sake of completeness.

IV. W and SE(lY)-Calculated
without Distributional
Assumpt ions

We i l lustrate the calculat ions using
the data from TasI-E I.  Since the Wil-
coxon stat ist ic is based on pairwise
comparisons, the specif ic values 1
through 5 that we have applied to the
five rating categories are to be thought
of simply as rankings. The computa-
t ions can be conveniently carr ied out
according to the scheme shown in
Tanle II .3 Rows 3 and 1 are taken di-
rect ly from Tenrr I ,  whi le rows 2 and
4 are d.erived from 3 and 1 by succes-
sive delet ion and cumulation respec-
t ively. The quanti ty W can be comput-
ed in row 5 by using the entries in rows
I,2, and 3; the SE requires calculat ion
of the two intermediate probabil i t ies

Q 1 and Q2 (see rows 6 and 7 for details),
which are then used to compute an es-
t imate  o f  SE(  W)  f rom Formula  |  .

Tast-r I I  shows the detai led calcula-
tiop of W and its standard error. The W
= 0 = 0.893 = 89.3% derived in this way
agrees exactly with the area under the
ROC curve calculated bv the trapezoi-
dal rate. By way of comparison, the area
under the smooth Caussian-based ROC
curve f i t ted by the maximum i ikel i-
hood technique of Dorfman and Alf (9)

is 0.911 or 9I. I( /o; the area under the
smooth ROC curve derived from the
parameters of a straight- l ine f i t  to the
ROC plotted on double probabil i ty
paper  (see Swets  [4 ] ,  pp .  114-115)  i s
0.905 or 90.57,. The sl ightiv lower es-
t imate provided by W, or equivalentlv
by the trapezoidal rule, merelv ref lects
the fact that the rat ing scale does not
have infinitely fine "grain." In another
context, where the rat ings might have
been expressed on a more continuous
scale ( i .c.,  without t ies), the two would
agree even better. What is morc. im,
portant is that TABLE II ,  using 89.37 as
its est imate of d, produces a standard
error of 3.2%,, compared with the SE of
2.96% predicted by the maximum
likel ihood parametric technique. Al-
though this 3.2% appears to be a l i t t le
high, i t  is not greatly so; moreover i t  is
on the conservative side, and guards
aga ins t  the  poss ib i l i t y  tha t  the  d is t r i -
butional assumptions that producecl

l ' l ' he  ra t ion . r le  fo r  th is  schemc is  conceptua l l r
s imp le  bu t  leng thv .  Dc ta i l s  can  be  ob t . r inec l  f ronr
t h e  a u t h o r s .

the SE of 2.96c,4 are not entirely just i-
f ied.

The Wilcoxon stat ist ic now provides
a useful tool for the researcher who
does not have access to the computer
progr . rm descr ibed above,  bu t  who s t i l l
wishe's to use as an inclex of discrimi-
nation the area under a smooth ROC
curve and to accompany i t  by an ap-
proximate standard error. He can use
lhe parameters of the straight- l ine f i t
to produce the smooth ROC curve and
the  area  under  i t  and  he  can use SE(W)
as a sl ightly conservative estimate of
the SE of this smoothed area. In our
example, simplv by plott ing the clata
on double probabil i ty paper, est imat-
ing a slope and intercept from a
straight l ine f i t ,  calculat ing from these
a quanti ty that Swets (4) cal ls z(,4 ).  and
Iooking z(A ) up in Gaussian probabil-
i ty tables, one obtains a smoothed area
of 90.5%., which is only 0.6% (in abso-
lute terms) or 0.667c ( in relat ive terms)
dif ferent from the 91.17,obtained by a
ful l  maximum l ikel ihood f i t .  By an
equally straightforward approach, one
can use the calculat ions in Tast.r I I  to
come reasonablv close (3.2% compared
with 2.96'/c) to the standard error pro-
cluced by the maximum l ikel ihood ap-
proach. As we wil l  see later in section
V ,  w e  w i l l  b e  a b l e  t o  i m p r o v e  e v e n
further on predict ing the SE Produced
by this method.

A11 of the discussion thus far has
centered on computing an are.a ancl i ts
SE from observed data; we now turn to
the commonlv askeci question, "How

big a sample do I need?"

V.  P lann ing  Sample  S izes

Perhaps the more important use of
the three-way equivalence between the
area under the curve, the probability of
a corre'ct ranking, ancl the Wilcoxon
stat ist ic is in pre-experiment calcula-
t ions .  A t  th is  s tage,  one is  o f ten  asked:
"We wish to use ( i ,  the area under the
ROC curve, to describe the perfor-
mance of an imaging system, and we
would l ike to have this index accom-
panied by a measure of i ts uncertaintv,
i . c . ,  o f  the  f luc tua t ions  in  the  index
caused by the random sampling of
cases. How many cases must be studied
to ensure an acceptable level of preci-
sion?" This is equivalent to asking how
large rt .1 and n1, must be so that the re-
su l t ing  SE is  o f  a  reasonab ly  smal l
magn i tude,  and the  resu l t ing  conf i -
dence in te rva l  i s  cor respond ing ly
nar row.

In addit ion to the quanti t ies 1.1 and

1

sE(r,v) =
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TasrE II I :  Number of Normal and Abnormal Subjects Required to Provide a Probabil i ty of B0%,90'/<,,  or 95% of Detecting
Various Differences between the Areas 0y and 02 under Two ROC Curves (Using a One-Sided Test of
Signif icance with P = 0.05)
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80? probab i l i t y  =  top  number ;90 ' r l  p robab i l i t y  =  midd le  numbt ' r ;95? probab i l i t v  :  bo t tom number

me-nt to construct a confidence interval
on  0 .  As  one might  expec t ,  and indeed
as we h t rve  found by  repeatcd ly  s imu-
la t ing  da ta  f rom two ove r lapp ing
Gaussian cl istr ibutions, constructing an
ROC curve, and deriving tht- area t/
gnder the curve, the distr ibution of the
d's we obtainecl is not entirel l ,  sym-
m e t r i c ,  b u t  i s ^  i n s t e a d  s o m e w h a t
skewec1 towards l i  = 0.5. This skewne'ss
is  more '  marked as  the  " t rue"  / i  ap-
proaches 1, and as the expected numbe'r
o f  "misc lass i f ied  pa i rs "  [ r r ( t  

*  1 ,1 ) ]  fa l l s
below 5; this is iclentical to wht.rt  occurs
r t ' i th  the  b inomia l  d is t r ibu t ion  anc l  a
success  probab i l i t y  c lose  to  un i tv .  In
such cases ,  one usua l lv  resor ts  to  an
exact (asymrnetr ic) conficlence intervar I
fo r  0 ,  ra ther  than us ing  the  appro l i -
mate  (s lmmct r ic )  one o f  +  1 .645 SE( l i  ) ,
1.96 SE(//),  .  .  .  ,  provided bv the normal
d is t r ibu t ion .  In  the  examplc  here  r r r (1
-  0 )  =  l0  i s  cons idc- rab lv  g rea ter  than

the  ru le  o f  thumb o f  5 ;  thus ,  the  sym-
met r ic  95% conf idence in te rva l  o f
90 .5 ' / ,  I1 .96(3 .07)  o r  (84 .57 ,  96 .5%)  w i l l
be reasonablv correct, cttmpared rt ' i t l -r
the exact, sl ightly asvmmetric interval
o f  (82 .4 '7 , ,95 .11 , )  ob ta inec l  bv  consu l t -
ing chartecl conficlence- l i rni^ts for bi-
n o m i a l  s a m p l i n g  ( 1 0 )  w i t h  1 /  =  0 . 9 0 5
a n d  l r  =  1 0 0 .

F ina l l v ,  we cons ider  the  qucs t ion  o f
ob ta in ing  su f f i c ien t ly  Ia rge  sample
r . t n B e i  w h e l l  ( ) n e  w i r l t e :  t ( r  ( ' \ , t n l i l l e

the t l i f ference be-tween twt 'r  areas, str
that l f  nl  i r tryorl  nrt di i f  crurcc i t t  yt ' r ior ' '
n r t t r tL 'c  ex is !s ,  i t  w i l l  be  un l i ke ly  to  gcr
undetec tec- l  in  a  tcs t  o f  s ign i f i cance.

V I .  D e t e c t i n g D i f f e r e n c e s
between Areas  under  Two l tOC
Curves

Again ,  knowing in  ac lvance the  ap-
prox imate  SE 's  tha t  a re  l i ke lv  to  ac-

company an  es t imate  o f  f / ,  we 'can ca l -
culate how many cases must be stucl ied
so tha t  a  comPar ison o f  two imag ing

sys tems w i l i  have anv  g iven degree o f

s ta t i s t i ca l  Power .  Th is  power  o r  ' i s ta -

t ist ical sensit ivi tv" depends on how
smal l  the  probab i l i t ies  a  and P o f
committ ing a tvpe- I  or tyPe II  crror are.
Tvp ica l l y ,  one seeks  a  power  ( f  00  -  / l )
of 85% or 90'7 so that i f  t  sTtt 'ci f icd dif

f  crurce r 'r isfs, i t  is 85% or 907 ce'rtai n to
be ref lectecl in samples that wi l l  be

dec la red  
"s ta t i s t i ca l l y  d i f fe ren t . "  T ra-

d i t iona l l v ,  one uses  a  tyPe I  e r ro r
probab i l i t v  o r  o  o f  0 .05  (5?  )  as  the  c r i -
te r ion  fo r  a  s ign i f i can t  d i f fe rence- .

' Ian l l  
I I I  g ives  the  numbers  o f  nor -

mal  and abnormal  cases  requ i re 'd  fo r

each ROC curve to have an 801r ,90(Ic, ctt

957 assurance tha t  var ious  rea l  d i f fe r -
errces 6 between two areas, 0y and H2,
lv i l i  i ndeed resu l t  in  sample  curves
showing ; r  s ta t i s t i ca l l y  s ign i f i car r t  c l i f -
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test stat ist ical ly whether two curlcs ate

dif ferent (they could st i l l  subtend the

same area but cross each other), then

one must resort to a bivariate statistical

tes t  (13) .  Th is  tes t  s imu l taneous ly
compares the two parameter values-a
the dif ference between the r.1 and ,t ,y
distr ibutions and b the rat io of their
variances, which describe one ROC

curve with the corresponding values

for the second curve. The test requires

that one supPly eit imates of n and &, as

w e l l  a s  e s t i m a t e s  o f  t h e i r  v a r i a t t c e s  a n d

covariance. These estimates are pro-

vided by the maximum l ikel ihood es-
t imat ion  techn ique c lescr ibec l  by
Dor fman and A l f  (9 ) .
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