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A representation and interpretation of
the area under a receiver operating char-
acteristic (ROC) curve obtained by the
“rating” method, or by mathematical pre-
dictions based on patient characteristics,
is presented. It is shown that in such a
setting the area represents the probability
that a randomly chosen diseased subject
is (correctly) rated or ranked with greater
suspicion than a randomly chosen non-
diseased subject. Moreover, this probabil-
ity of a correct ranking is the same quan-
tity that is estimated by the already well-
studied nonparametric Wilcoxon statistic.
These two relationships are exploited to
(a) provide rapid closed-form expressions
for the approximate magnitude of the
sampling variability, i.e., standard error
that one uses to accompany the area
under a smoothed ROC curve, (b) guide
in determining the size of the sample re-
quired to provide a sufficiently reliable
estimate of this area, and (¢) determine
how large sample sizes should be to en-
sure that one can statistically detect dif-
ferences in the accuracy of diagnostic
techniques.
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The Meaning and Use of the Area
under a Receiver Operating
Characteristic (ROC) Curve'

RECEIVER operating characteristic (ROC) curves (1-3) have become

increasingly popular over the past few years as the radiologic
community has become concerned with the measurement of the in-
formation content of a variety of imaging systems (4, 5). In addition,
ROC curves are being used to judge the discrimination ability of
various statistical methods that combine various clues, test results,
etc. for predictive purposes (¢.g., to determine whether a patient will
need hospitalization or will benefit from treatment). In most cases,
however, ROC curves have been plotted and evaluated qualitatively
with relatively little attention paid to their statistical characteristics.
This has occurred for a number of reasons.

First, the most common quantitative index describing an ROC curve
is the area under it, and there has not been a full description in the
radiologic literature of an intuitive meaning of this area. Second, most
quantitative measures used to describe an ROC curve are derived
assuming that the varying degrees of normality /abnormality seen
in the images can be represented by two separate but usually over-
lapping Gaussian digtributions, one for the diseased group and one
for the nondiseased group. This has led a number of investigators to
question the validity of the ROC approach altogether. Third, iterative
numerical methods rather than closed-form expressions are required
to estimate the standard error of these quantitative indices; opera-
tionally, these methods are cumbersome and require a specialized
computer program. Fourth, there has been no method shown to date
to indicate the sample size necessary to ensure a specified degree of
statistical precision for a particular quantitative index.

In this paper, we will elaborate on the meaning of the area under
an ROC curve and, using the links between it and other, better known
statistical concepts, we will develop analytic techniques for eliciting
its statistical properties.

METHODS

Indices Used to Summarize ROC Curves

A large number of theoretically based measures has been pro-
posed to reduce an entire ROC curve to a single quantitative index
of diagnostic accuracy; all of these measures have been rooted in the
assumption that the functional form of the ROC curve is the same as
that implied by supposing that the underlying distributions for
normal and abnormal groups are Gaussian (4). When an ROC curve,
plotted on double probability paper, is fitted by eye to a straight line
or when the ROC points are submitted to an iterative maximum
likelihood estimation program, two parameters, one a difference of
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TABLEI: Rating of 109 CT Images
Rating
True Definitely Probably Question- Probably Definitely
Disease Normal Normal able Abnormal Abnormal
Status (1) (2) (3) 4) (5) Total
Normal 33 6 6 11 2 ny = 58
Abnormal 3 2 2 11 33 na =51
Totals 36 8 8 22 35 109

means and the other a ratio of vari-
ances, are obtained. From these, a
number of indices can be calculated,
the most popular being an estimate of
the area under the fitted smooth curve
(4). This index, denoted A(z) to sym-
bolize its Gaussian underpinnings,
varies from 0.5 (no apparent accuracy)
to 1.0 (perfect accuracy) as the ROC
curve moves towards the left and top
boundaries of the ROC graph.2 When
one fits the two parameters by maxi-
mum likelihood rather than by eye,
one also obtains their standard errors,
thereby allowing the area derived from
the two parameters to be also accom-
panied by a standard error. This can be
used to construct confidence intervals
and to perform statistical tests of sig-
nificance.

The Meaning of the Area under
an ROC Curve

A precise meaning of the area
under an ROC curve in terms of the
result of a signal detection experiment
employing the two-alternative forced
choice (2AFC) technique has been
known for some time. In this system,
Green and Swets (6) showed that the
area under the curve corresponds to the
probability of correctly identifying
which of the two stimuli is “noise” and
which is “signal plus noise.” In medical
imaging studies, the more economical
rating method is generally used: im-
ages from diseased and nondiseased
subjects are thoroughly mixed, then
presented in this random order to a
reader who is asked to rate each on a
discrete ordinal scale ranging from
definitely normal to definitely abnor-
mal. Very often a five-category scale is

2 An area can also be calculated by the trape-
zoidal rule; the area obtained in this way has been
designated P(A). As is seen in Figure 1, P(4) is
smaller than the area under any smooth curve,
and is somewhat more sensitive to the location
and spread of the points defining the curve than
is the area A(z) calculated as the smooth Gaussian
estimate.

used. Although the points required to
produce the ROC curve are obtained in
a more indirect way, i.e., by succes-
sively considering broader and broader
categories of abnormal (e.g., category 5
alone, categories 5 plus 4, categories 5
plus 4 plus 3), the important point is
that on a conceptual level, and thus from
a statistical viewpoint, the area under
the curve obtained from a rating ex-
periment has the same meaning as it has
when it is derived from a 2AFC exper-
iment. As we will explain below, the
ROC area obtained from a rating ex-
periment can be viewed, at least con-
ceptually, in the same way as the area
obtained from a 2AFC experiment.
Basically, when an investigator calcu-
lates the area under the ROC curve di-
rectly from a rating experiment, he is
in fact, or at least in mathematical fact,
reconstructing random pairs of images,
one from a diseased subject and one
from a normal subject, and using the
reader’s separate ratings of these two
images to simulate what the reader
would have decided if these two im-
ages had in fact been presented together
as a pair in a 2AFC experiment. Indeed,
this mathematical equivalence (equiv-
alent in the sense that the two areas are
measuring the same quantity, even if the
two curves are constructed differently)
has also been verified empirically in a
recognition memory experiment by
Green and Moses (7).

More important, however, was the
more recent recognition by Bamber (8)
that this “probability of correctly
ranking a (normal, abnormal) pair” is
intimately connected with the quantity
calculated in the Wilcoxon or Mann-
Whitney statistical test. We now elab-
orate on this relationship in two ways.
First, we show empirically that if one
performs a Wilcoxon test on the ratings
given to the images from the normal
and diseased subjects, one obtains the
same quantity as that obtained by cal-
culating the area under the corre-
sponding ROC curve using the trape-
zoidal rule. (If in fact the ratings are on
a continuous scale, the area obtained by

30 April 1982  Volume 143, Number 1

the Wilcoxon statistic or by the trape-
zoidal rule will be virtually identical to
any smoothed area.) Second, and more
important, we show how the statistical
properties of the Wilcoxon statistic can
be used to predict the statistical prop-
erties of the area under an ROC
curve.

RESULTS

1. A Three-Way Equivalence

To amplify the three-way equiva-
lence between the area under an ROC
curve, the probability of a correct
ranking of a (normal, abnormal) pair,
and the Wilcoxon statistic, we present
it as two pairwise relationships:

A. The area under the ROC curve
measures the probability, denoted by
f, that in randomly paired normal and
abnormal images, the perceived ab-
normality of the two images will allow
them to be correctly identified.

B. The Wilcoxon statistic also
measures this probability # that ran-
domly chosen normal and abnormal
images will be correctly ranked.

We now deal with A and B in turn.

II. Mathematical Restatement
of Relationship A

We make an .implicit assumption
that the sensory information conveved
by a radiographic image can be quan-
tified by and ordered on a one-dimen-
sional scale represented by x, with low
values of x favoring the decision to call
the image normal and high values fa-
voring the decision to call it abnormal.
The distributions of x values for ran-
domly selected abnormal images, de-
noted by x4, and those for normal im-
ages, denoted by xy, will overlap; the
x4 distribution will be centered to the
right of the x one. In a rating experi-
ment, the degree of suspicion, x, will
actually be reported on an ordered
categorical scale. TABLE | presents il-
lustrative data showing how a single
reader rated the computed tomogra-
phic (CT) images obtained in a sample
of 109 patients with neurological
problems. As expected, the v and v,
distributions overlap (i.c., some non-
diseased patients had abnormal read-
ings and some diseased patients had
normal readings). Thus, if the images
from a randomly chosen normal and a
randomly chosen abnormal case were
paired, there would be less than a 100
probability that the sensory informa-
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TaBLEIL: Computation of W and Its Standard Error
Column (Rating)
Row Contents x=1 x=2 x=3 x=4 x =15 Total Remarks

1 Number of normals rated x 33 6 6 11 2 58 =nyn Obtained from TABLE |

2 Number of abnormals rated >x 48 46 44 33 0 Obtained from 3 by successive sub-
stractions from ny = 51

3 Number of abnormals rated x 3 2 2 11 33 5l =1y Obtained from TABLE 1

4 Number of normals rated <x 0 33 39 45 56 Obtained from 1 by successive addi-
tions to 0

5 (HX@Q)+¥HLX(1)X(3) 1,633% 282 270 4231, 33 2,642 W = Total (5) = (ny * ns) = 0.893

6 (3) X [(4)2+ (4) X (1) + X (1)4] 1,089 2,598 3,534 28,163% 107,228 142,612%; Q2 = Total (6) + (na o n) = 0.8313

7 (1) X[(2)2+(2) X (3) + 15 X (3)?] 80,883 13,256 12,152 16,415% 726 123,432% Qi = Total (7) + (ny « n}) = 0.8182

W = 8 = total (5) = (ny - 14) = 2,642 + (58 - 51) = 0.893 = 89.3%

. A1 — A _ _ 2 o _ M2
SE(D) = \/9(1 )+ (ng — I(Q1 — 05 + (ny —1XQ2 #2) - \/0.099551 4+ 0.037764 + 1.926686 — 0,03 = 32%

M4 - ON

tion or, for want of a more precise term,
the degree of suspicion, x4, which one
obtains from the abnormal image
would in fact be greater than the cor-
responding x obtained from the nor-
mal image. As a statistical shorthand,
we refer to this probability as § =
Prob(xs > xn). Then Green and Swets’
result says that if we assume for the
moment that we have an infinite sam-
ple of patients and that a reader is ca-
pable of reporting using the entire x
continuum rather than only a finite
number of category ratings, the area
under the curve and the probability of
a correct ranking are equal, or

“True” area under ROC curve = ¢
= Prob(x4 > xn)

From our viewpoint, the most im-
portant feature of the proof, which
depends on integral calculus, is that it
makes no assumptions about the form of
the x4 and xn distributions. Thus, the area
under the curve can be thought of
simply as measuring the probability of
a correct ranking of a (normal, abnor-
mal) pair; neither the nature (sym-
metric vs. right tailed vs. left tailed) nor
the exact distributional form (Gaussian
vs. negative exponential vs. gamma)
need be explicitly quantified. How-
ever, there are practical reasons for the
use of distributional assumptions: (a)
the maximum of five or six rating
categories a reader is capable of using
means that the trapezoidal rule will
tend to underestimate the area under
what is in reality a smooth ROC curve;
(b) the criteria for fitting a smooth
curve are more easily agreed upon; and
(¢) the investigator is often interested
in other aspects of the ROC curve, such
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as the trade-offs between sensitivity
and specificity. Moreover, the exten-
sive data from psychophysical and
medical imaging studies tend to agree
reasonably well with the ROC curve
form implied by two Gaussian distri-
butions.

For investigators interested in using
ROC curves to describe the discrimi-
nation achieved with scores or proba-
bilities constructed on a continuous
scale from regression-type equations
based on a patient’s presenting symp-
tomatology, the distributions of these
scores or probabilities will not neces-
sarily conform to Gaussian distribu-
tions. However, in this situation, the
more continuous nature of the score or
probability scale means that the em-
pirical ROC curve will also be much
smoother, and complex curve fitting
will probably not be necessary.

ITII. Relationship B: The
Wilcoxon Statistic and the
Probability of Correct Pairwise
Rankings

The Wilcoxon statistic, W, is usual-
ly computed to test whether the levels
of some quantitative variable x in one
population (A) tend to be greater than
in a second population (N), without
actually assuming how the x’s are dis-
tributed in the two populations. The
null hypothesis is that x is not a useful
discriminator, i.¢., that an x value from
an individual from A is just as likely to
be smaller than an x value from an in-
dividual from N as it is to be greater
than it, or that f = Prob(x, > xn) = 0.5.
For x to be a good discriminator, this
probability has to be much closer to
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unity. With a sample of size 14 from A
and ny from N, the procedure, at least
conceptually, consists of making all 714
¢ 1y possible comparisons between the
114 sample x4’s and the ny sample x5,
scoring each comparison according to
the rule

1if XA > XN
(discrete

1 if =
fifxa = data only)

S(x AXN) =
(xaxy) Oif x4 <xn

and averaging the S’s over the ny » ny
comparisons, i.e.,

1 HANN
W=——3
Ha ® IN 1

S(xa,xN)
1

In practice, the computation can be
performed by a much faster method to
be described below in section IV. Also,
since the test is based on yes/no com-
parisons, W does not depend on the
actual values of the x’s but only on
their rankings.

Relationship B should now be ob-
vious from the very formulation of W,
since it actually makes the kind of
comparisons mentioned when de-
scribing ) = Prob(x4 > xx). Since each
comparison is scored as 1, 15, or 0, the
average score W lies between 0 and 1
and reflects, as it should, what pro-
portion of the x4's are greater than
what proportion of the xy’s. Obviously
not all 14 e 11y comparisons are inde-
pendent; including them all is merely
a convenience, and the standard error
of W takes these interrelated compari-
sons into account.

Although; as stated above, W is
usually used to test the (null) hypoth-
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