Regression Models for Risks(Proportions) and Rates

Proportions

E.g. [Changes in] Sex Ratio: Canadian Births in last 60 years

Paraneter of Interest: n( mal e) ... just above 0.5
or m(male)/ =(female) ... "ODDS" ... just above 1.0
or log [ w(male)] ... just above In[0.5]=-0.699

FIRST ANALYSIS : Assumng p is not changi ng over tine

dat a canada
infile 'Macintosh HD: work: 626: sex_can. dat ' ; /* variables = #in that gender_province */
i nput
year
fc fnf fpei fns fnb fq fo fmfs fa fbc
nc mf npei Ms mb ng no mMmns ma nbc ; nfc = nc+fc; ratio=nt/fc;

proc means n mn nmax nean sum; var nt fc nfc;

proc gennod ; nodel nct/nfc =/ /[* if don't put x's in nodel, "null" nodel is fitted */
LI NK = 1dentity di st = binom al; /* "safe" here:- proportions all far fromO and 1 */
proc gennod ; nodel nct/nfc =/
LI NK = logit di st = binomal; /* canonical |ink: always "safe" */
proc gennod ; nodel nc/nfc =/
LI NK = log di st = binom al; /* "safe" here:- proportions all well inside (0,1) */
run;
Var N Mn Max Mean Sum
Mal es (Canada) MC 60 116 731 246 073 184 449.87 11 066 992
Femal es (Canada) FC 60 110 642 233 202 174 623.97 10 477 438

Mal es&Fenal es (Canada) MFC 60 227 575 479 275 359 073.83 21 544 430



The CGENMOD Procedure

Mbodel I nformation

Descri ption Val ue

D stribution Bl NOM AL
Li nk Function | DENTI TY
Dependent Vari abl e MC
Dependent Vari abl e MFC
(bservati ons Used 60
Nunmber O Events 11066992
Nunmber O Trials 21544430

Criteria For Assessing Goodness O Fit

Criterion DF Val ue Val ue/ DF
80. 2519 1.3602
80. 2519 1.3602
80. 2510 1.3602
80. 2510 1.3602
- 14925393. 46

Devi ance 59
Scal ed Devi ance 59
Pear son Chi - Square 59
Scal ed Pearson X2 59
Log Li kel i hood

Anal ysis O Paraneter Estimates

Paranmeter DF Estimate Std Err Chi Sq Pr >Chi

I NTERCEPT 1 0.5137 0.0001 22756720.9 0.0001
SCALE 0 1.0000 0.0000 : .

NOTE: The scal e paraneter was hel d fixed.
Check: 11066992/21544430 = 0.5137 ; SE

= \p(1-p)/n

\0. 5137x0. 4863/ {21. 5 106}

0.0001

The GENMOD Pr ocedur e

Model | nformation

Val ue

Bl NOM AL
LOG T
MC

M-C

60
11066992
21544430

Citeria For Assessing Goodness O Fit

Criterion DF Val ue Val ue/ DF
80. 2519 1.3602
80. 2519 1.3602
80. 2510 1.3602
80. 2510 1.3602

-14925393. 46 .

Devi ance 59
Scal ed Devi ance 59
Pear son Chi - Square 59
Scal ed Pearson X2 59
Log Li kel i hood

Analysis O Paraneter Estinates

Parameter DF Estimate Std Err Chi Sq Pr >Chi

| NTERCEPT 1 0.0547
SCALE 0 1. 0000

0. 0004 16128. 7400 0. 0001
0. 0000 :
NOTE: The scal e paraneter was held fixed.

Check: SEXRATIO = 11.07/10.48 = 1. 0563
| n SEXRATI O = 0. 0547

SE[ 0.0547] = I/ #m + 1/ # =

V17 {11.07 106} + 1/{10.48 106} = 0.0004



Not advocating log LINK... out of interest...

D stribution Bl NOM AL
Li nk Function LOG
Dependent Variable MC
Dependent Variable MC
(bservations Used 60
Number O Events 11066992
Number O Trials 21544430

Citeria For Assessing Goodness O Fit

Criterion DF Val ue Val ue/ DF

Devi ance 59 80. 2519 1. 3602
Scal ed Devi ance 59 80. 2519 1. 3602
Pear son Chi - Squar e 59  80. 2510 1. 3602
Scal ed Pearson X2 59 80. 2510 1. 3602
Log Li kel i hood -14925393. 46

Anal ysis O Paraneter Estimates

Par arret er DF Esti mat e Std Err

Chi Square Pr>Ch

| NTERCEPT 1 -0.6662 0.0002 10098433.3 0.0001
SCALE 0 1. 0000 0.0000 . .
NOTE: The scal e paraneter was hel d fixed.

Not es. . .

Sanpl e Sizes are very large, and p is close
to 0.5, so the Central Limt Theoremholds in
all scal es!

Check that if transformC's in one scale to
those in another, will get practically sane
Cl's as if worked in the target scale to
begin with. ..

Cl[p] = "lInverse Logit" of Cl[logit p] etc..

Notice that the Log likelihood is the sane
for all 3 nodels, since we have sinply re-
paranetrized the 1 paraneter (p).

Do not confuse the SEXRati o wi th ODDSRSATI O
The SEXRATI O is an CDDS

If we wish to conpare the SexRatio in say the
1930's with the SexRatio in the 1980's then
we mght wish to work in the ODDSRati o scal e

p mal e 1980's

. p mal e 1930' 3
'€ b fenal e1980' 3

I b female 1930' 3

or...

W mght want to nodel a snpoth tenpora
evolution in m or in log[n(1l-m)].

Wth very little evolution over X = cal endar
year, expect very simlar regression fits
using identity, logit and log links. Try the
identity and logit Iinks and see.

SexRatio 1+d <=> p = (1+d)/(2+d) @0.5 + d/ 4;
Log[l +d] @d



Regression Models for Risks(Proportions) and Rates

Rates
E.g. 1 [Changes in] Frequency: U.S. Hurricanes in last 110 years

Paraneter of Interest: RATE = expected no. of # storns / unit of "country-tine"
PROC MEANS;

proc gennod ; nodel n_H H
LINK = identity dist =

T
P

proc gennod ; nodel n HHT =
N
T

/
LINK = identity dist = Normal, /* Al'lowi ng variance of counts to be independent of nean */
proc gennod ; nodel n HHT =/
LINK = | og di st = Poisson; /* Change fromestimting nmean to estinmating |og[nmean] */
proc gennod ; nodel n HHT =/
LINK = | og di st = Normal; /* counts have Gaussian variation around exp[bg] */
Vari abl e N Mean Std Dev Mn Max
YEAR 110 1940.50 31.90 1886 1995
N STORVS 110 8.52 3.69 1 21
N_CAT 110 1.80 1.43 0 7
NHSHT 110 3.34 1.81 0 8
NHR1 9 110 1.74 1.43 0 7
NHR15 110 1.43 1.32 0 6
N WL 110 0.53 0.73 0 3
N_W2 110 0.33 0.57 0 3
N_ W3 110 0. 40 0. 66 0 3
N W 110 0.13 0. 37 0 2
N Wb 110 0.01 0.13 0 1
= NHHT 110 1. 43 1.32 0 6
N HR 110 4. 95 2.48 0 12
N TS 110 3.31 1.99 0 9
N_SS 110 0. 16 0. 56 0 4



The CGENMOD Procedure

Model | nfornmation

Descri ption Val ue
Dat a Set WORK. A
D stribution PO SSON
Li nk Function | DENTI TY
Dependent Vari abl e NHHT

Observati ons Used 110

Citeria For Assessing Goodness O Fit

Criterion DF Val ue Val ue/ DF
Devi ance 109  149.9483 1.3757
Scal ed Devi ance 109 149. 9483 1. 3757
Pearson Chi-Square 109 133. 0127 1.2203
Scal ed Pearson X2 109 133. 0127 1.2203
Log Li kel i hood -100. 7859
Analysis O Paraneter Estinates
Paranmeter DF Estimate Std Err Chi Sq Pr >Chi
| NTERCEPT 1  1.4364 0.1143 158.0000 0.0001
SCALE 0O 1.0000 0.0000 .
NOTE: The scal e paraneter was hel d fixed.
CHECK:
y = 1.4364;
SE[ V] = "Poi sson_SD' / /110

= /1. 4364 / 110 = 0.1143

The GENMOD Pr ocedur e

Model | nformation

Val ue

WORK. A
NORMAL

| DENTI TY
NHHT
110

Citeria For Assessing Goodness O Fit

Citerion DF Val ue Val ue/ DF
Devi ance 109 191. 0545 1. 7528
Scal ed Devi ance 109 110. 0000 1. 0092
Pear son Chi - Square 109 191. 0545 1.7528
Scal ed Pearson X2 109 110. 0000 1. 0092
Log Li kel i hood -186. 4476 .
Analysis O Paraneter Estinates

Parameter DF Estimate Std Err Chi Sq Pr >Chi

I NTERCEPT 1 1.4364 0.1257 130.6643 0.0001
SCALE 1 1.3179 0.0889 .

Scal e estimated by maxi mum |i kel i hood.

CHECK:
y = 1.4364;
SE[ V] = "CGaussi an_SD" / /110

= 1.3179 / 110 = 0.1257

SCALE estimate of SD(counts)




The CGENMOD Procedure

Mbodel I nformation

Descri ption Val ue
Dat a Set WORK. A
D stribution PO SSON
Li nk Function LOG
Dependent Vari abl e NHHT
(bservations Used 110

Citeria For Assessing Goodness O Fit

Criterion DF Val ue Val ue/ DF
Devi ance 109 149. 9483 1. 3757
Scal ed Devi ance 109 149. 9483 1. 3757
Pear son Chi - Squar e 109 133. 0127 1.2203
Scal ed Pearson X2 109 133. 0127 1.2203
Log Li kel i hood -100. 7859 :
Anal ysis O Paraneter Estimates

Paranmeter DF Estimate Std Err Chi Sqg Pr>Chi

| NTERCEPT 1 0.3621 0.0796 20.7181 0.0001
SCALE 0O 1.0000 0. 0000 )

NOTE: The scal e paraneter was hel d fixed.

| NTERCEPT = estimate of log[u], so

Ncount = exp[0.3621] = 1. 4363.

SCALE=1 => SD(y) not estinated separately.

The GENMOD Pr ocedure

Model | nformation

Val ue

WORK. A
NORMAL
LOG
NHHT
110

Citeria For Assessing Goodness O Fit

Citerion DF Val ue Val ue/ DF
Devi ance 109 191. 0545 1. 7528
Scal ed Devi ance 109 110. 0000 1. 0092
Pear son Chi -Square 109 191.0545 1.7528
Scal ed Pearson X2 109 110. 0000 1. 0092
Log Li kel i hood -186. 4476 .
Analysis O Paraneter Estinates

Parameter DF Estimate Std Err Chi Sq Pr>Chi

I NTERCEPT 1 0.3621

0.0875 17.1336 0.0001
SCALE 1 1.3179 .

0. 0889

NOTE: The scal e paraneter was estinmated by
maxi mum | i kel i hood.

SE of 0.0875 for estimate of log[u] is greater
than SE of 0.0796, since Gaussi an- based
estimte of SD(counts) is slightly larger than
Poi sson- based one.



Regression Models for Risks(Proportions) and Rates

Rates

E.g. 2 Accident Rates before/after Time Change
Par aneter of Interest: RATE DI FFERENCE ( RD)
RATE RATI O (RR)
DATA acci dent;
| NPUT week accidnts p_t;
LI NES;
0 2575 40000000
1 2800 40000000

broc gennod ; nodel accidnts = week / /* additive nodel => difference in average COUNT */
LINK = identity dist = Poisson;

proc gennod ; nodel accidnts = week / /* additive nodel => difference in average COUNT */
LINK = identity dist = Nornal; /* but asking that SD s be estinated separately */

proc gennod ; nodel accidnts = week / /* multiplicative nodel= ratio of average COUNTS */
LINK = | og di st = Poi sson;

proc gennod ; nodel accidnts = week / /* multiplicative nodel=> ratio of average COUNTS */

LINK = | og di st = Nornal; /* but asking that SD s be estinmated separately */



The CGENMOD Procedure

Mbodel I nformation

Descri ption Val ue

D stribution PO SSON
Li nk Functi on | DENTI TY
Dependent Vari abl e ACCI DNTS
Observati ons Used 2

Citeria For Assessing Goodness O Fit

Criterion DF Val ue Val ue/ DF
Devi ance 0 0. 0000
Scal ed Devi ance 0 0. 0000
Pearson Chi-Square O 0. 0000
Scal ed Pearson X2 0 0. 0000
Log Li kel i hood . 37072.6815

Anal ysis O Paraneter Estimates

Parameter DF Estimate Std Err Chi Sqg Pr>Chi

| NTERCEPT 1 2575. 0000 50. 7445 2575. 0000 0. 0001

WEEK 1 225.0000 73.3144 9. 4186 0.0021
SCALE 0 1. 0000 0.0000 :
NOTE: The scal e paraneter was hel d fixed.

NOTE: Fitting saturated model. Scale will not be estimated.
NOTE: The scale parameter was held fixed.

b for "week” = cl1 - cO = 2800 - 2575 = 225:

SE(diff) = +var(cl) + var(cO)

= /2575 + 2800 = /5375 = 73. 31

The GENMOD Pr ocedur e

Model | nformation

Val ue

NCORIVAL

| DENTI TY
ACCI DNTS
2

Citeria For Assessing Goodness O Fit

Criterion DF Val ue Val ue/ DF
Devi ance 0 0. 0000
Scal ed Devi ance 0 0. 0000
Pearson Chi-Square O 0. 0000
Scal ed Pearson X2 0 0. 0000
Log Li kel i hood : -1.8379

Analysis O Paraneter Estinates

Parameter DF Estimate Std Err Chi Sq Pr>Chi
| NTERCEPT 1 2575. 0000 1.0000 6630625.00 0.0001

WEEK 1 225.0000 1.4142 25312.5000 0.0001
SCALE 0 1. 0000 0. 0000
NOTE: The scal e paraneter was held fixed.

NOTE: Fitting saturated model. Scale will not be estimated.
NOTE: The scale parameter was held fixed.

SE(diff)= yvar(cl)+var(c0) =1 + 1 = 1.4142!!

GENMOD GOT' CONFUSED : O df to estimate SD(Y]| X)!



The GENMOD Procedure

Model I nformation

Descri ption Val ue

D stribution PO SSON
Li nk Functi on LOG
Dependent Vari abl e ACCI DNTS
Observati ons Used 2

Citeria For Assessing Goodness O Fit

Criterion DF Val ue Val ue/ DF
Devi ance 0 0. 0000
Scal ed Devi ance 0 0. 0000
Pearson Chi-Square O 0. 0000
Scal ed Pearson X2 0 0. 0000
Log Li kel i hood . 37072.6815

Anal ysis O Paraneter Estimates

Paranmeter DF Estimate Std Err Chi Sq Pr >Chi

I NTERCEPT 1 7.8536 0.0197 158823. 705 0. 0001

WEEK 1 0.0838 0.0273 9.4131 0.0022
SCALE 0 1.0000 0.0000 :
NOTE: The scal e paraneter was hel d fixed.

NOTE: Fitting saturated model. Scale will not be estimated.
NOTE: The scale parameter was held fixed.
0.0838 = estimate of | og[ uo]

1.09

log[wi] -

=> estimate of uwi/ug = exp[0.0838] =

SE est of log RR| = +1/cl1 + 1/c0

= 4/1/ 2575 + 1/2800 = 0.0273

The GENMOD Pr ocedur e

Model | nformation

Val ue

NORVAL
LOG

ACCI DNTS
2

Citeria For Assessing Goodness O Fit

Criterion DF Val ue Val ue/ DF
Devi ance 0 0. 0000
Scal ed Devi ance 0 0. 0000
Pear son Chi - Squar e 0 0. 0000
Scal ed Pearson X2 0 0. 0000
Log Li kel i hood ) -1.8379

Analysis O Paraneter Estinates

Parameter DF Estimate Std Err ChiSq Pr>Chi

| NTERCEPT 1  7.8536 0.0004 408971039 0.0001
WEEK 1 0.0838 0.0005 25209.1997 0.0001
SCALE 0 1.0000 O0.0000

NOTE: The scal e paraneter was held fixed.

NOTE: Fitting saturated model. Scale will not be estimated.
NOTE: The scale parameter was held fixed.

"SE™ = 0.0005: GENMID GOT CONFUSED agai n :
O df for SD(Y|X)! it used SD(Y| X) = 1.



Regression Models for Risks(Proportions) and Rates
Rates

E.g. 2 Accident Rates before/after Time Change ... continued

Par anet er of Interest: RATE DI FFERENCE ( RD)

RATE RATI O (RR)

The above analyses modeled the average counts & differences/ratios in average counts;
we need to refine these to estimate RATES and difference/ratio of RATES
Key :

u = average (or expected) count = RATE x Denominator

or , other way around ...

RATE = ucunt / Denominator = function of regressor variables

10




Examples...

1. RATE = ucount / Denominator =g + f1 X (additive model)

>

average(count) = { po + f1 X } Denominator = o Denominator + ;1 {X x Denominator}

Fit count as "Y" variable, with IDENTITY LINK, to the regression equation
BoZo +P1 21,
where Z g = Denominator , Z, = X x Denominator

i.e. MODEL Y =Zy Z; [/ LINK=IDENTITY DIST = POISSON NOINT; (no intercept)

2. RATE = ueunt / Denominator =exp [ fo + f1 X] (multiplicative model)

>

average(count) {exp[Po+P1X]} x Denominator

= exp[ Po+ P X +1. log[Denominator ] ] {bringing Denominator inside the exp}

Fit count as "Y" variable, with LOG LINK, to the regression equation
o + P1 X + 1. log[Denominator ]
l.e. MODEL Y = X / LINK =LOG DIST = POISSON OFFSET =27
Z = log[Denominator ] must be defined in dataset (doesn't have to be called Z)

An "OFFSET"in a generalized linear model is a term whose accompanying regression
coefficient is not estimated, but rather is forced to be 1.

11




DATA acci dent;

| NPUT week accidnts p_t;

pt = p_ t/1000000; /* p.t unit =1 mllion person days */
z0 = p_t; z1 = week*p_t;

z = log(p_t);

LI NES;

0 2575 40000000
1 2800 40000000

proc gennod ; nodel accidnts = z0 z1 /
LINK = identity dist = Poisson NO NT,;

[* additive nodel to estinate rate difference */

proc gennod ; nodel accidnts = week /
LI NK = | og di st = Poi sson OFFSET = Z

[* multiplicative nbdel to estimate rate ratio */

run:

12



The CGENMOD Procedure

Mbodel I nformation

Descri ption

D stribution

Li nk Function
Dependent Vari abl e
(bservati ons Used

Val ue

PO SSON

| DENTI TY ->Rate diff (RD)
ACCI DNTS

2

Citeria For Assessing Goodness O Fit

Criterion

Devi ance

Scal ed Devi ance
Pear son Chi - Squar e
Scal ed Pearson X2
Log Li kel i hood

Anal ysis O Par anet er

DF

Val ue Val ue/ DF

- 0. 0000
- 0. 0000
0. 0000
0. 0000
37072. 6815

Esti nat es

Parameter DF Estimate Std Err Chi Square Pr>Chi

| NTERCEPT O 0.0000 0.0000

Z0 1 64.3750 1.2686 2575.0000 0.0001
71 1 5 6250 1.8329 9.4186 0.0021
SCALE 0 1.0000 0.0000 . .

NOTE:

The scal e paraneter was held fixed.

NB Rates (and rate diffs) are per mllion

per son_days.

i .e. 64.37

=2575/40 mllion p_d and

5.6250 =rate diff = 225/40 mllion p_d

(If the p_t is nmeasured as person days, the
coefficients have too may | eadi ng zeroes)

The GENMOD Pr ocedur e

Model | nformation

Description

D stribution

Li nk Function
Dependent Vari abl e
O fset Variabl e
(bservati ons Used

Val ue

PO SSON
LOG -> RR
ACCI DNTS
Z

2

Citeria For Assessing Goodness O Fit

Citerion

Devi ance

Scal ed Devi ance
Pear son Chi - Squar e
Scal ed Pearson X2
Log Li kel i hood

DF

0
0
0
0

Val ue Val ue/ DF

0. 0000
0. 0000
0. 0000
0. 0000

37072. 6815

Analysis O Paraneter Estinates

Parameter DF Estimate Std Err Chi Sq Pr>Chi

I NTERCEPT 1 4.1647 0.0197 44663. 2136 0.0001

VEEK
SCALE

NOTE:

1 0.0838 0.0273 9.4131 0.0022
0 1.0000 0.0000 .

The scal e paraneter was held fixed.

0.0838 is the log of the estimted RATE RATIQ

as above,

so estimated RATERATI O = exp[0.0838] = 1.09.

13



Regression Models for Risks(Proportions) and Rates

Rates
E.g. 3: Cancer Rates in Exposed and Unexposed Cohorts
c1=41innq = 28,010 person years vs.cg=15inng = 19,017 person years

(Rothman & Boice e.g.)

Denominators (Person years) are different in Exposed and Unexposed Cohorts

Parameters of Interest: RATE DI FFERENCE ( RD)
RATE RATI O (RR)

Again :
u = average (or expected) count = RATE x Denominator
or , other way around ...

RATE = ucunt / Denominator = function of regressor variables

14




DATA R and _B; /* Rothman and Boice data */
| NPUT exposure cases p_t;

z0 = p_t; z1 = exposure*p_t;

z = log(p_t);

LI NES;

1 41 28010
0 15 19017

proc gennod ; nodel cases = z0 z1 /
LINK = identity dist = Poisson NO NT,;

[* additive nodel to estimate rate difference */

proc gennod ; nodel cases = exposure /
LI NK = | og di st = Poi sson OFFSET = Z;

[* multiplicative nodel to estimate rate ratio */

run:

15



The GENMOD Procedure

Mbodel I nformation
Description Val ue
D stribution PO SSON

Li nk Functi on
Dependent Vari abl e CASES
Observati ons Used 2

Citeria For Assessing Goodness O Fit

Criterion DF Val ue Val ue/ DF
Devi ance 0 0. 0000

Scal ed Devi ance 0 0. 0000

Pear son Chi - Squar e 0 0. 0000

Scal ed Pearson X2 0 0. 0000

Log Li kel i hood . 136.8772

Anal ysis O Paraneter Estimates

Paranmeter DF Estimate Std Err ChiSq Pr>Chi

| NTERCEPT 0 0. 0000 0. 0000 . .

Z0 1 0.0008 0. 0002 15.0000 0.0001
Z1 1 0.0007 0.0003 4.8607 0.0275
SCALE 0 1.0000 0. 0000 .
NOTE: The scal e paraneter was hel d fixed.

The coefficient by = 0.0007 acconpanying Z1 is
t he estinmated RATE DI FFERENCE

Check: 41/28010 - 15/19017 = 0.00067 or
excess of 67 cases per 100000 p_y.

an

Check al so that the SE of 0.0003 lines up with

SE(41/28010 - 15/19017)

=« 41/280102 + 15/190172

| DENTI TY ->Rate diff (RD)

in earlier exercise.

16

Model | nformation

Description Val ue

D stribution PO SSON

Li nk Functi on LOG -> RATERATI O

Dependent Variable  CASES
O fset Variabl e Z
Cbservati ons Used 2

Citeria For Assessing Goodness O Fit

Criterion DF Val ue Val ue/ DF
Devi ance 0 0. 0000
Scal ed Devi ance 0 0. 0000
Pearson Chi-Square O 0. 0000
Scal ed Pearson X2 0 0. 0000
Log Li kel i hood 136. 8772

Analysis O Paraneter Estinates

Parameter DF Estimate Std Err Chi Sq Pr>Chi

I NTERCEPT 1 -7.1450 0.2582 765. 7736 0.0001

EXPOSURE 1 0.6183 0.3018 4.1983 0.0405
SCALE 0 1.0000 0.0000 : :
NOTE: The scal e paranmeter was held fixed.

0.6183 is the log of the estimted RATE RATIQ
so estimated RATERATI O = exp[0.6183] = 1. 86.

Check: RR = (41/28010 /(15/19017) = 1.85

Al so check that SE = 0.3018 agrees with

V1/41 + 1/15 for the log of an estimate of a
rate ratio



