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Study Factors at More Than Two Levels

The yreceding liscussion on the analysis 0. retrospective data has been
in terms of the test factor under study taking only two values. This
fromework has sufficed for discussion of the underlying statistical ideas
and issues. In practice, the study factor will frequently take on more
than two, perhaps many, potential values, When the number of study
factor values is large, grouping can reduce them to manageabla
proportions.

The need to consider only & limited number of classes for the study
factor stems from the fact that, when an association is anticipated, most
of the significant information about the association will come from the
results for the more extreme values of the study factor. While it is
efficient to concentrate attention on the test factor classes expected to
show the greatest differences in association with the disease, it is also
profitable to consider intermediate values for the test factor to seek
evidence for a consistent pattern of associstion. For example, in table 1,
a highly significant difference between nonsmokers and women currently
smoking more than 1 pack of cigarettes daily was illustrated. TIneclusion
of data for smokers of 1 pack or less a day showing results intermediate
between the other classes would have added hittle, if anything, to the
statistical significance of the results, and might actually lower it, if one
made an over-all test of the differences nmong the three smoking _iasses.
However, the observation that the intermediate smoking class does, in
fact, show an intermediate relative risk contributes to an orderly pattern
and increases our confidence in the conclusions suggested by the data for
the remaining two classes.

For any two particular test-factor levels, the relative risk for one over
the other may be calculated using only the data pertaining to those two
levels or by using the results for all test levels. In the formulas previ-
ously given for R, R\, R, H, and R,, the difference between the two
calculating procedures is simply one of setting the values of Ny, N, and
T, = N, + N in terms of number of cases and controls occurring at
the two study-factor levels only, or defining them in terms of total number
of cases and controls in the entire study. When total cases and controls
sre used in defining Ny, N3, and T, it can be shown that for B, R, R,
end R, the various relative risks will be internally consistent with each
other. If the relative risk for the first level is twice that for the second
level, which in turn is twice that for the third level, then the relative risk
for the firat level will be four times that of the third. These exact rela-
tionships do not hold for R &s an estimator of relative risk, and a somewhat
sophisticated extension of the formula for E would be required to secure
this property.

The problem of obtaining a summary chi square when the study factor
iz at more than two levels is complicated by the fact thet the deviations
from expectation at the various study-factor levels are intercorrelated.
When there are but two levels, the two deviations will have perfect nega-
tive correlation, and attention need be directed to only one of the devia-
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tions. Irrespective of the number of levels, at any one level the deviation
from expectation among diseased persons will be equal, but opposite in
sign, to the deviation from expectation among cortrols, so that sttention
can be confined to the deviations for diseased persons.

The prob’ m can be stated as one of reducing & set of correlated devia-
tions into a summary chi square. Table 2 applics this process for obtain-
ing a summary chi square to the study of the association of epidermoid
and undifferentiated pulmonary carcinoma in women and maximum
cigarette-smoking rate, classified into three levels, after adjustment for
age and occupation.

The general expressions for the expectations and variances of the
number of cases at a particular test-factor level are given in the lower
right section of table 2. Also shown is the expression for the covariance
between the number of cases at two different test-factor levels. Since
the total of all the deviations is zero, one would in general need the vari-
ances of, and covariances hetween, the number of cases at all but one of
the levels. The number of covariance terms will rise sharply as the
number of iest levels are increased. At 3 test levels, there are 2 variance
terms and 1 covariance term, while at 10 test levels, there. would be 9
variances and 36 covariance terms of interest.

For the general case the burden of computation could be heavy. After
all the necessary computation for the deviations, their variances and
covariances, there would still remain the problem of converting these,
presumably by matrix methods, into & summary chi square. Since the
retrospective problem will normally invelve only a limited number of
test-fact~r levels, precise procedures will be given only for the three-level
situation, and approximate procedures outlined for the general case.

The exact computation procedure for the three-level case is detailed
in table 2. Lines (1), (2), and (4) show the total observed and expected
frequencies and variances of the number of cases (and controls) at each
of the three smoking-rate levels, after adjusting for age and occupation.
These are the summary totals over each subelassification obtained by
application of the formulas appearing in table 2.

Lines (5) and (6) give the chi squares corresponding to the total devia-
tion from expectation at each of the smoking-rate levels. The chi squares
in line {5) are corrected for continuity. They relate to the difference
of the particular level to which they apply, from the two other levels
combined. Tollowing the usual practice of making no continuvity cor-
rections when chi squares with more than 1 degree of freedom are under
consideration, line (6) shows the uncorrected chi squares.

The computing procedure of table 2 takes sdvantage of the fact that,
since the sum of the deviations from expectation is zero, the variance
of the third deviation must equal the sum of the other two variances
plus twice the covariance for the first two deviations. The covariance
of the first two deviations is readily obtained as illustrated and is used
in calculating the summary chi square. The summary chi square is
obtained as the sum of squares of two orthogonal deviates, with each
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square adjusted for its own variance. The first deviate squared is ~imply
the uncorrected chi square at the first level in line (6)—the variance of
the deviate remaining as initially ealculated. The second deviate is the
deviation at the second level adjusted for its correlation with the first
deviation [adjusted ¥; = ¥Y,—byY,; by = covariance (Y, Y,)/variance
¥))]. The variance of the adjusted second deviate is the initial value
reduced by that portion of the variation accounted for by the first devi-
ation [Var. (adjusted Y;) = wvariance Y,—covariance’{Y),Y;)/variance
¥l

In the present instance the summary chi square with 2 degrees of
freedom is 28.43 [line (11)). This presumably is close to the chi square
with 1 degree of freedom which would have obtained had only the two
most extreme smoking classes been compared. If one examines the
individual uncorrected chi squares [line (6)], their total is found to be
45,55, the maximum individual figure being 23.42. Tt will necessarily be
true that the summary chi-square value will lie between the largest of the three
chi squares and their tofal. Al almest any reasonable probability level these
fimits would be sufficient to establish statistical significance without further
calculation. In our companion paper (27) this rule sufficed in almost all
instances to scparate the significant from the nonsignificant results.

Comments on Extensions to More Than Three Factors

Two procedures can be suggested for getting approximate summary
chi squares, when there are & large number of levels for the test factors,
without the burden of computation that the exact method would entail,
Both methods calculate the approximate summary chi square as a sum of
squares of approximately orthogonal standardized deviates.

In the first method one computes an uncorrected chi square with 1 degree
of freedom for the difference of the first level from all the remaining levels
combined (the same first step as in the ilustration for the three-level case).
Discarding the data from the first level, a second chi square is computed
for the difference between the second test-factor level and the remsining
levels combined. This is done successively up to and including the last
two remaining levels, The approximate summary chi square is then the
sum of the separate chi squares with the number of ‘degrees of freedom
being one less than the number of test levels.

Exactly orthogonal standardized deviates would be obtained if, in the
summmary analysis, a3 each successive total deviation from expectation
were evaluated, it was adjusted for its multiple regression on the preceding
deviations, and then standardized by the adjusted variance. This, of
course, would no longer be a simplified approximate procedure. However,
it can be shown that for a single classification, in the multiple regression of
any deviation from expectation on any subset of deviations, the regression
coefficients will all be equal;; the multiple regression on the set of deviations
will be the same as the simple regression on their sum. The equality of
regression coefficients, while holding true exactly for deviations in the
separate subclassifications, will hold only approximately for the total
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deviations from expectation (it would hold exactly if equal numbers of
individuals were observed from level to level at each subclassification).
Nevertheless, this result suggests that approximately orthogonal deviates
would be obtained if, in evaluating each suecessive total deviation, it were
adjusted for the cumulative total of deviations already evaluated. Com-
puting procedures to accomplish this can readily be devised.

Both approximate chi-square procedures just outlined, which may have
merit when more than three groups are being compared simulianeously,
should, in theory, yield linear combinations of independenti chi squares.
While testing the chi-square values obtained as though they were exact
is not likely to be too inappropriate, it may be more correct to obtain a
modified number of degress of freedom, along the lines suggested by
Satterthwaite (47) for problems involving such linear combinations,
What the modified number of degrees of freedom would be has not been
investigated by us, and it may prove as eagy to apply the exact chi-square
procedure, indicated later, as to determine the appropriate degrees of
freedom for the approximate chi square.

It is of interest that a somewhat similar task of obtaining an appropriate
sunimary chi square appears in the birth-order problems deseribed by
Halperin (48). There, it was necessary to compare a set of total observa-
tions (across family sizes) with a set of total expectations, one for each
birth order, Halperin described a matrix-inversion procedure for reducing
the set of correlated deviations into a summary chi square. In that
problem it can be shown that all the regression coefficients are equal in
the multiple regression of the deviation at a particular birth order on the
set of deviations at all succeeding birth orders. The second approximate
method described previously for the present problem could thus be used
exeetly for the birth-order problem, permitting simplified computation of
chi square. The procedure indicated by Halperin has the advantage of
generality and could be applied to the current and related problems, if
one obtained all the necessary variances and covariances and inverted
theeresulting matrix.
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